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Abstract 
Let G be a connected graph and r a group of automorphisms of G. We enumerate the number of 
r-isomorphism classes of derived graph coverings of G with voltages in a finite field of prime order 
P (>2). 
1. Introduction 
All graphs appearing here are simple. Let G be a graph, p prime, and F = GF (p). Let 
A(G) be the arc set of the corresponding symmetric digraph to G. An ordinary voltage 
assignment u on G in F is a function from A(G) into F such that cr(y, x) = - a(x, y) for 
each (x, y)~,4 (G). The pair (G, a) is called an ordinary voltage graph of G with voltages 
in F. For such an ordinary voltage graph (G, c1), the derived graph G” is defined as 
follows: V(Ga)= V(G)x F and ((x,i),(y,j))~A(G~) if and only if (x, y)cA(G) and 
j = CI(X, y) + i. The natural projection p: G” + G is the function from V( Ga) onto V(G) 
which erases the second coordinate. Then p is a (topological) covering projection 
(see C31). 
Any voltage ieF determines a permutation p(i) of the symmetric group SF on 
F which is given by p(i)(j) = i + j for je F. Thus each ordinary voltage graph of G with 
voltages in F can be viewed as a permutation voltage graph of G with voltages in SF 
(see C41). 
Let cz and fi be two ordinary voltage assignments on G in F, and let r be a subgroup 
of the automorphism group Aut G of G, denoted r < Aut G. Two natural projections 
p,:G”+Gandps:GB + G are called r-isomorphic, denoted G’ E r GB, if there exist an 
isomorphism $ : G” + GB and a gET such that ps + =gp=. 
A general theory of graph coverings is developed in [S]. Furthermore, double 
covers of graphs were dealt with in [6, 111. 
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Counting formula of graph coverings are only known in the following four cases: 
r-isomorphism classes of derived graph coverings of a graph G with voltages in GF (2) 
[6]; I-isomorphism classes of derived graph coverings of G with voltages in S, [7,9]; 
isomorphism classes of concrete derived graph coverings of G with voltages in S, [S]; 
strong isomorphism classes of derived graph coverings of G with voltages in GF(p”) 
[2]. Here r<Aut G, and I is the trivial subgroup of Aut G. The first result for 
r = Aut G agrees with [12, Theorem 2.21. In Section 2, we enumerate the number of 
I-isomorphism classes of derived graph coverings of a graph with voltages in GF (p). 
In Section 3, we give an enumeration of the r-isomorphism classes of derived graph 
coverings of a connected graph with voltages in GF (p) (p > 2). 
2. I-isomorphism classes 
Let G be a graph, T a spanning forest of G, p prime, and F = GF (p). Let H1, . . . , If, 
be the components of G, xiE I’(Hi) for i= 1,. . . , c, and X=(x1,. .., x,). Let a be any 
ordinary voltage assignment on G in F and W any walk in G. The net voltage of W, 
denoted a( IV), is the sum of the voltages of the edges of W. Then the (T, X)-voltage aT 
of a is defined as follows: 
aT(u,v)=a(P,)+u(u,v)--(I’,) for each (u,v)EA(G), where P, and P, denote the 
unique walks from xi to u and v in Tn Hi, respectively, if Hi is a component of 
G containing (u, v). 
Theorem 2.1. Let G be a graph, T a spanning forest of G, p prime, and F = GF (p). Let 
u, #I be two ordinary voltage assignments on G in F. Then G” z r Gs if and only if, for each 
component H of G, there is an element An of F * = F\(O) such that /IT = lnur on H. 
Proof. At first, suppose that G” gr GB. By [7, Theorem 71, we have G” rr GaT and 
Gs z I Gpr, i.e. GaT z1 Gpr. However, two ordinary voltage graphs (G, aT) and (G, /IT) 
can be viewed as permutation voltage graphs of G with voltages in SF. Thus, by [7, 
Theorem 63, there exists a family U=(Z,),,~(~) of permutations in SF such that 
P(BT(X,Y))=Jty -‘p(ar(x,~))x~ for each (x,Y)EA(G), 
where p(i) (iE F) is an element of SF such that p(i)(j) = i +j, jeF and the multiplica- 
tion of permutations is carried out from right to left. 
Let H be any component of G. Then u~(u,v)=~~(u,v)=~ for each 
(u,v)eA(H)nA(T). Thus nny=nx for any x#y~v(H). That is, we have 
.P(BT(U,V))=71;lP(C1T(U,V))~, f or each (u,v)eA(H), where XEV(H). If cc,=0 on H, 
then fir=0 on H, i.e. &, is arbitrarily element of F *. 
Now, suppose that aT # 0 and /IT # 0 on H. Let (u, v) be an element of A(H)\ A(T) 
such that c+(u,v)=l #O and fl=(u,v)=k #O. Set ~;l(i)=a~, ieF. Then we have 
ajl= jk + oo for je F. 
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If (z, w) #(u, u) is another element of A(H)\A( 7’) such that a&, w) # 0 and 
PT(z, w) # 0. Set Q(Z, w)=r and flr(z, w)=s. Then ajl =js+ rro for jeF. Thus we 
obtaina,l=Is+oo=kr+oo. Set I=kl-‘=sr - ‘. Then k = I1 and s = Ir. It follows that 
j?r=jlur on H. 
If there is not such element (z, w), then the result is trivial. 
By [7, Theorem 63 and the fact that Ge or G’r, the converse follows. 0 
As a generalization of [6, Theorem 2.21, we obtain the following result. 
Corollary 2.2. Let G be a graph, p prime, and F = GF (p). Then the number of I- 
isomorphism classes of derived graph coverings of G with voltages in F is 
v ((P m(H)-n(H)+ 1 - lMP- I)+ 117 
where H ranges ouer all components of G, and m(H) = 1 E(H) 1, and n(H) = 1 V(H) I. 
3. f Asomorphism classes 
Let F, denote the set of permutation voltage assignments on G in S,, and r < Aut G. 
Then r acts on 9r as follows: a@(u,u)=cr(g(u),g(u)) for each (u,u)EA(G), where UEF~ 
and gET. 
Lemma 3.1. Let a, /?EF~. Then G” z r GB if and only if there is a g ET such that 
G” z r G@‘. 
Proof. By [7, Theorem 63, G” =rGB if and only if there are a n=(q,)U,y(Gj~S,V(G) 
and a goT such that a(x,y)=~,Y~fi(g(x), g(y))n,=rr;‘/3~(x,y)rrL, for each 
(x, y)~ A(G), i.e. if and only if there is a g ET such that G” s1 GB’. 0 
Let G be a connected graph, p (> 2) prime, and F = GF (p). Let C’ be the set of 
ordinary voltage assignments on G in F and Co the set of functions from V(G) 
into F. The coboundary operator 6: Co+ C’ is the linear operator defined by 
(6s)(x,y)=s(x)-s(y) for SEC’ and (x,y)oA(G). For each CLEC~, let [a] be the element 
of C’/Im 6 which contains TV. 
Lemma 3.2. Let G be a connected graph, p ( > 2) prime, F = GF (p), and CIE C ‘. Then the 
following four conditions are equivalent: 
(1) aT =0 for a spanning tree T of G, 
(2) aT = 0 for any spanning tree T of G, 
(3) a(C)=0 for all cycle C in G, 
(4) crEIm6. 
320 I. Sat0 
Proof. (l)*(2): By Theorem 2.1, we have G”zlGo, where o(x,y)=O for any 
(x, y)eA(G). Furthermore, by Theorem 2.1, the result follows. 
(2)=+3): Let C be any cycle of G and e&(C). Then there exists a spanning tree T of 
G such that E(C)\E(T)={e}. By (2), we have a(C)=O. 
(3)*(l), (4)+3): Clear. 
(3)*(4): Let T be a spanning tree of G. Then, by a similar argument o the proof of 
[l, (2.1)], there is a unique element b of Im 6 such that /?(x, y) = a@, y) for all 
(x,yW(T). 
Let (u, u) be any arc of A (G)\A( T), and let C be a unique cycle of G such that 
E(C)\E(T)= {w}. S ince u(C)=/?(C)=O, we have tl(u, v)=p(u, u), i.e. cc=/?. 0 
Let G be a connected graph, p ( > 2) prime, F = GF (p), and r G Aut G. Let u, ~EC ‘. 
Then, by Theorem 2.1 and Lemmata 3.1 and 3.2, G” z r GB if and only if /? = Jag + 6s 
for some gEr, some IEF* and some SEC’. Let the group r x F* act on C’/ImG as 
follows: 
where EC’, 1~ F * and g ET. Thus, the number of r-isomorphism classes of derived 
graph coverings of G with voltages in F is equal to that of r x F*-orbits on C’/Im 6. 
By Burnside’s Lemma, that number is equal to 
1 
I~l~P-l)(g,*)E~XF*‘~cl’lmS) ’ c (e.n)J 
where U(g9A) is the set consisting of the elements of U fixed by (g,1). 
Let gEr, AEF* and ord(l)=m the order of 1. A (g)-orbit ~7 of length k on E(G) is 
called diagonal if 0 = (g ) {x, g“(x)} for some XE V(G). The vertex orbit (g)x and the 
arc orbit 6’ = (g) (x, gk(x)) are also called diagonal. A diagonal arc orbit (T’ of length 
2k (the corresponding edge orbit of length k and the corresponding vertex orbit of 
length 2k) is called type-l if lk= - 1 (or m=2k), and type-2 otherwise. 
For g Er, let G(g) be a simple graph whose vertices are the (g)-orbits on V(G), 
with two vertices adjacent in G(g) if and only if some two of their representatives are 
adjacent in G. Let AEF* and ord(lZ)=m. A (g)-orbit 0 on V(G),E(G) or A(G) is 
called m-divisible if 101 E 0 (mod m). An m-divisible (g)-orbit 0 on V(G) is called 
strongly m-dioisible if B satisfies the following condition: If Q=(g) (x, y) is any not 
diagonal (g)-orbit on A(G), and y = gj(x), x, yea, then j = 0 (mod m). 
Let GA(g) be the subgraph of G(g) induced by the set of m-divisible <g)-orbits on 
V(G). The kth p-level of GA(g) is the induced subgraph of GA(g) on the vertices o such 
that g,( 1 o I) = pk, where O,(i) is the largest power of p dividing i. A p-level component of 
GA(g) is a connected component of some p-level of GA(g). A p-level component H is 
called defective if each vertex (T of H is strongly m-divisible, not type-l diagonal, and 
satisfies g,(lwl) > 0,(lal) whenever w+V(H) and awgE(G(g)). Otherwise H is called 
favorable. 
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Theorem 3.3. Let G be a connected graph, p (> 2) prime, F = GF (p) and F < Aut G. For 
gEF, let e(g) and v(g) be the number of(g)-orbits on E(G), V(G), respectively. For gEF 
and 1~ F *, let v. (g, A), ,u(g, A) and d (g, A) be the number of not m-divisible (g)-orbits on 
V(G), type-2 diagonal (g)-orbits on E(G) and defective p-level components in G,(g), 
respectively, where m = ord(;l). Furthermore, let tc(g, A) be the number of not m-divisible 
(g)-orbits on E(G) which are not diagonal. Then the number of F-isomorphism classes 
of derived graph coverings of G with voltages in F is 
The proof of Theorem 3.3 uses an analogue of Hofmeister’s method [6]. At first, we 
consider the following exact sequence: 
where 6’ is the canonical monomorphism, and 6t is the canonical epimorphism. For 
(g,A)EFxF*, two endomorphisms P~,~:C~+C~ and v,,~:C’/ImS+C’/Im6 are 
defined as follows: ,~~,~(a)=k~--cr and v,,~([cc])=[M-cr], where CEC~. Then, note 
that vg,161=61pg,1, and Kervg,,=(C’/Im6)(g*2). 
Now, let Cj, 1 = 6-‘(Imp,,J and Cj,,=pg;:(Im6). 
Let g EF, AE F *. For any arc (x, y) of A (G), let 1(x, y) be defined by 
if the arc orbit (g)(x, y) is type-l diagonal, 
otherwise, 
where t = I (g)(x, y)I, m=ord(;l), and [a, b] denotes the least common multiple of 
a and b. 
Lemma 3.4. Let gEF, kF*, SEC’. Then SEC~,~ if and only if; for each (x, y)gA(G), 
t(x,Y)-l l(X,Y)-l 
i;. l’s@(x)= 1 &qy). (*) 
i=O 
Proof. Set m = ord (A), t = I (g ) (x, y) 1, c = [t, m] and I= 1(x, y). 
Suppose that SE Cz, I. Then there is a a&’ such that kg-a = 6s. Thus 
;liE#_~cc~((Li-lsf7i-‘+ ... +;lsg+s) for i>l. 
For each (x, y@A(G), we have 
c-1 c-1 
iTo /2'sgi(x)-i~o Aisgi(y)=ACclge(x,y)-a(x,y)=a(x,y)-a(x,y)=O. 
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If (g)(x, y) is type-l diagonal, then we have 
I-1 I-1 
c AW(x)- c W(y)=AxqX,y)-o!(x,y) 
i=O i=O 
= -a(y,x)-a(x,y)=O, where t=2k. 
Conversely, suppose that s satisfies (*) for each (x, y&A (G). Let ~2 be any (g)-orbit 
on A(G), 1 Sz I= t, and (x, y)&. Then, let 
1-l 
I 
@‘-1)-l c (n’s”‘(X)-W(y)) if Q is not diagonal and t/m, 
i=O 
k-l 
c&y)= -@“+1)-i c (W(x)-A’sqy)) if 52 is type-2 diagonal, 
i=O 
0 otherwise, 
where t=2k in the case that Q is diagonal. Furthermore, let 
i-l 
Aiag'(x,y)=a(x,y)+ C (Ajs"j(x)-Ajsg'(y)) for ial. 
j=O 
Then we have 
Arag'+'(x,y)=ag'(x,y)+ 1 (Ajsg'(gi(x))-Ajsgj(gi(y))) for r, i> 1. 
j=O 
If 8 is not diagonal, then we define a( v, u) = - a(u, v) for (u, u)~s2. If Sz is type-l 
diagonal, then we have 
k-l 
Ai+kagi(y,x)=Aiagi(x,y)+Ai C (A jsg'(gi(x))-ljsg'(gi(y)))=Aiag'(x,y), 
j=O 
i.e. 
ag’(y,x)= -ag'(x,y) for ial. 
In the case that Sz is type-2 diagonal, we have a (y, x) = - a(x, y) by the definition of 
a(x, y). Thus, we have 
i-l 
=Ak{agk(x,y)+ 1 (Ajsg'(gk(x))-ljsgj(gk(y)))} 
j=O 
i-l 
= -A'(a(x,y)+ C (2 
jsgj(x)_Ajsd(y))}= -~i+kag'(x,y), 
j=O 
i.e. ag’(y,x)= -a"'(x,y) (i>l). 
Therefore, we obtain an ae C' such that Lag -a = as, i.e. SEC:,, . 0 
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Lemma 3.5. For gET and AEF*, 
1 c,o I~ =p”-“(g)+v,(g,l)+d(g,l) , where n = 1 V(G) I. 
Proof. We enumerate the number of SEC~,~ which satisfy (*) for each (x, ~)EA (G). 
Let (x, ~)EA (G), 52=(g) (x,y) the arc (g)-orbit containing (x, y), 1521= t, 
ord(A)=m and I=I(x,y). 
Case 1: x, y are in the same (g)-orbit rzr on Y(G), and e is not diagonal. Then s2 is 
not diagonal, IoI=t and l=[m, t]. Let y=gj(x) (1 <j<t) and m’=l/t. By Lemma 3.4, 
we have 
(1 +A’+ . . . +At(*‘-l) )(S(X)+jlSg(X)f ... +A’-lsgt-’ (4) 
=(l+A*+ . . . 
(At-j-l)(s(x)+lP(x)+ 
-nk(*m’-‘))(S(X)+lZSg(X)+ . . .+~k-lSgk-‘(X)) 
=(l-Ak+J*k-... -ilk(*m'-l))(s(y)+;lsg(y)+...+Ik-lSgk-l(y)). 
Since Ak # - 1, 1 -Ik+i12k- a.. -~k(*m’-1)=(1-~1)/(1+~k)=O. 
We consider not diagonal (g)-orbits (g)(x,z) on A(G) such that ZEN. Since 52 is 
type-2, we have either ml k or m,f t =2k. If (T is either strongly m-divisible or not 
m-divisible, then there are p’ possible choices for the s(w) with WEE by case 1. If (T is 
m-divisible but not strongly m-divisible, then 
s(x)+AP(x)+ ... +Af-lsg’+‘(x)=0 
according to case 1.1. 
Case 2.2: Q is type-l. Then Ak = - 1 and l=m= t. By Lemma 3.4, we have 
s(x)+@(x)+ ... +A’-‘sg’_‘(x)=0. 
Case 3: x and y are in different vertex <g)-orbits crl, CT* of length tl, t2. Then 
t=[tl,tz]. Let ti=pLliqiy (p,qi)=l (i=1,2), and a=max(al,a2). Since m,#‘p, 
t=p”[ql,q2] and l=p”[ql,q2,m]. Let t;=[ql,q2,m]/qi (i=l,2). By Lemma 3.4, 
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we have 
(1+1’1+ . . . +dtlW-“‘&i) )(s(x)+W(x)+ *** +/V-V-‘(x)) 
=(l +Jf2+ . . . +~t*(P’-‘% -1) )(s(y)+/W(y)+ ... +FISqy)). 
Case 3.1: crl is m-divisible and c2 is not m-divisible. Then 
(1+1’2+ . . . +~~2~P”-“‘~~--1~)~(1_~~)/(1_;lf2)~0~ 
Thus we have 
P a-alt;(s(X)+hg(X)+ ... +2+gt’-‘(x))=o. 
If al < a2, then p *-w t; = 0. In the case that al 2 a2, pa-“’ t; = t; # 0, and so 
s(x)+@(x)+ .** +Af’-lsg”-l(X)=O. 
Case 3.2: Both e1 and e2 are m-divisible. 
Then Af1=Af2= 1. If a, =u2, then we have 
t;(S(X)+M(X)+ ... +A”-‘sg”-‘(x))=t;(s(y)+W(y) 
+ ... +A f2-1SS’z-1(Y))2. 
If al >u2, then we have 
s(x)+@(x)+ .** +Af’-%g”-‘(X)=O. 
Case 3.3: Both e1 and cr2 are not m-divisible. Since 1” # 1 and 1” # 1, we have 
1+1’1+ . . . +~“(P~-~‘t;--l)=(l_~l)/(l_~rl)=O 
and 
l+/$“+ . . . +n~zcP~-~“~;-‘)=(1-~‘)/(1-~“)=0. 
Let u be not m-divisible (g)-orbit on V(G). In view of cases 1.2,2.1, 3.1 and 3.3, 
there are ~1”’ choices for the s(w) with WED. 
If H is a favorable p-level component of G,(g), then any vertex 0 of H admits 
pl”l-t choices for the s(w) with WEU by cases 1.1,2.1,2.2,3.1 and 3.2. However, if H is 
defective, then some vertex 0 of H admits p lo1 choices according to cases 1.1,2.1,3.1 
and 3.2, while any other vertex w of H admits p lwl-l choices according to case 3.2. 
Therefore, it follows that 
,C;,+nplq( n p~Q-r).n( n pl+l)p 
d HI aloH H2 62EH2 
=p”-(v(g)-vO(g.“))+d(g,rl) 9 
where 0, HI and H2 runs over all not m-divisible (g)-orbits on V(G), favorable p-level 
components of GA(g) and defective p-level components of GA(g), respectively. 0 
Each (g)-orbit 52 on E(G) corresponds to two (g)-orbits on A(G) if Q is not 
diagonal, and one (g)-orbit on A(G) otherwise. 
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Lemma 3.6. For g ET and AE F*, (Ker pLg,rl 1 =pE(g)-K(g,~)--(g,rl). 
Proof. Let CIE Ker pLs, A. Then we have CI=;~CP=~~U~~= .... 
Let 1;2= (g)(x, y) be any (g)-orbit on A(G), 1 SZI = t and m=ord(A). 
Case 1: x and y are in the same (g)-orbit on V(G), and Q is diagonal. Let t =2k. 
Then we have ag’(x, y) = A-‘a(x,y) (i > l), A“a(x,y) = -~(x,y) and a(x,y) 
= Azka(x, y). If Sz is type-l, then there are p possible choices for cr(x, y). Otherwise 
a(u,u)=O for each (u,v)~sZ. 
Case 2: x and y are not in the same (g)-orbit on V(G), or Q is not diagonal. Then 
we have ag’(x,y)=A-ia(x,y) (ial) and a(x,y)=A’a(x,y). If m/t, then there are 
p possible choices for a(x, y). Otherwise CI(U, v) = 0 for each (u, u)EQ. 
From the note preceding the lemma, it follows that 
Proof of Theorem 3.3. Let ger and AEF*. Set s=&(g), v=v(g), v,,=~,(g,Iz), . . . . 
Let C,, i. = {(s, a)&’ x C’)S~=~~,,(a)=la~-ct}, and consider the two canonical 
epimorphisms y” : C,, i + Ci, A and y1 : C,, 1 + C:, A. By Lemmata 3.5 and 3.6 and the 
fact that Kery’r Kerp,,,, we have ICg,II=IC~,lI.IKeryoI=p”-“+Y~td+E--K--P. 
Since Ker y1 z KerG and IKerG 1 =p, it follows that 
Set 6”‘=6’lC,‘,A. Since Im6cC:,A, we have Ker 8’ = Ker 6l= Im 6. Thus 
IKer$rl=p”-I. Furthermore, since Im$‘=Kerv,,,, it follows that 
IKervg,ll=IC,‘,l~/~Ker~l~=p”-“+v~-K-~+d. B y B urnside’s Lemma, the result fol- 
lows. 0 
Theorem 3.3 holds for p = 2 or r = I, and so it is a generalization of 16, Theorem 3.41 
and [lo, Theorem 51. 
Now we give some examples. Let G = K,, Td S, and F = GF(p). Set 
I’(G)={1,2,..., n}. Let e(n, p, r) be the number of r-isomorphism classes of derived 
graph coverings of K, with voltages in F. It is clear that e (1, p, rl ) = e (2, p, I’,) = 1 for 
any prime p, where Ti < Si (i = 1,2). Let 1~ F *. Then, note that each of d(g, A), v. (g, A.), 
rc(g, A) and p(g,A) is constant on each conjugacy class of S,. 
For n=p=3, we obtain Table 1. By Theorem 3.3, we have e(3,3,S,) 
=(3+1+3+9+6+2)/12=2. 
Next, let n=4, p=3 and r= (1,(1234),(13)(24),(1432)}. Then we have e(4,3,&)=4 
and e(4,3, r) = 6. 
In Table 2, we give some values of e(n,p,S,) the number e(n,p,S,) of S,-isomor- 
phism classes of derived graph coverings of the complete graph K, with voltages in 
GF(P). 
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Table 1 
representative g (12) (123) 
in class 3 2 
1 -1 -1 1 
e@) 3 1 
v(g) 2 1 
0 3 1 0 
K(% 2) 3 0 0 1 
A) 0 1 0 0 
d(g> 1 0 0 1 
Table 2 
3 5 11 
3 2 2 
4 4 8 12 
14 65 1690 
6 3856 61547 
I 1896 157358236 82898147256 
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